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Abstract

This paper discusses the demonstrated accuracy and
utility of a2-D finite cle ment methodology for
whispering, gallery mode sapphire resonators. The mode
solutions obtained by the software compa red with
cxpc.rime.rilal r1esults for a wheel-shaped sapphire
resonator give an crrorinmode frequency of icss than
S55%. We also show partts per million agr cement with
analytical solutions for simple geometrics such as an
cmply coax ial 1csonator.  The CYRI IS 2D FEEM
software package developed at The University of Texas
atFlPaso has proven invaluable for the analysis and
identification of modes and niode families for resenators
of Various gcomct its.  The software. also shows
promise as a 100i for optimization of new resonator
designs, Current uses include design of optimum sized
diclectric resonators for minimized wall losses, and new
resonator geometries for temperature compensated
resonators. The operational characteristics of the
software and the general methodology for use of the
software as a laboratory and design tool are discussed.

Int reduction

Recently, whispering gallery mode (WGM)
resonators consisting of a sapphire diclectric element in
a metallic container, as in Figure 1, have made possible
new capabilities for microwave oscillator phase noise
and frequency stability [1,2,3,4]. With high azimuthal
mode numbers, these resonators isolate radio-frequency
cnergy 10 the diclectric element and away from the
*
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metallic container, thus providing extracidinarily high
quality factor s (Q's >10 million). Design and analysis
of such a resonator with a cer tain frequency and Q
requires a finite clement method (FEM) model u'iii]
higher resolution and accuracy than any previously
available,

Modcling Challenges

The characteristics and exceptional properties of
sapphire whispering gallery mode resonators make thern
particularly challenging to modcl using finite element
analysis. The finite element moded must allow for
widely disparate ficld inagnitudes inorder 10 resolve tile
hybrid ficlds that exist in WGM resonators. The
clectromagnetic ficlds of whispering gallery modes are
well coufined to [tic sapphire clement [5). This creates
arcas of high field strength in the sapphire and weak
ficld arcas outside the sapphire, presenting a substantial
burden for any calculational technique. Accurate
modeling of these critical areas requites a high FIEM
node density to provide sufficient resolution. Because
even small wall losses are impor tant for preset ving the
very high Q's, accurate calculation of the low ficld
strengths at the container wall by the FEEM model is
essential. Furthermore, the coupling ports for our
WGM resonator are localed inthe evanescent region, and
so an accurate determination of these weak field
strengihs is necessary (o delermine resonator coupling.

FEM software must eliminate spurious modes
without losing any of the many modes foundin a WGM
resonator. The anisotropy of the sapphire diclectiic
must also be considered for proper 1 'EM modceling.
Whenthe 7.-axis is aligned with the sapphire crystal ¢-
axis, the 1¢ sonator is anisotropic in two dimensions
with €, = 11 and er = €4 = 9. A three-dimensional




FEM allowing full treatment of sapphire’s anisotropic
diclectric constant, would requite. such a large. numiber of
clements as to be impractical.  Approximate aualytical
mcthods are useful for some geometrics, but a new
approach wouldbe required for cvery change in
geometry, A two-dimensional finite element approach,
however, allows easy trecatmentof any cylindrically
Symimnetiicresonator geometry.
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Figure 1. Sapphire Resonator in Containment Can
CYRES 2D

[lc.cause. thediclectric constant for sapphire
shows cyli ndri cal symmetry, a two dimensional
treatment is allowed for the important case, where its
crystal ¢ axis is aligned with a physical axis of
axisymmetry.,  While ruling out most anisotropic
diclectric configurations, this approach makes possible.
the first two-dimensional finite element treatment for
sapphirc "whispering gallery” resonators.  For the
different modes of a given circularly symmetric
gcometry, the CYRES 2D finite clement package, under
development at the University of Texas at El Paso,
allows dcterminationof resonant frequencies and
visualization of the clectromag netic fields [6,7].

A finite. clement mesh of rectilincar or curved
clements defines the resonator in the r-z planc.
Maxwell’s equations for the anisotropic case are solved
for the cross section. To complete the 31D solution, the
method assumes a sinusoidal dependence in azimuth,
The 2D solution is projected around [he. 1esonator by
multiptication with the azimuthal sinusoidal
dependence. These ficld solutions provide, the resonant
frequencies and cavity Q’s(determined by will losses) of
cach mode. A pendty term in the. vector Helmholtz
cquations is used to suppress spurious solutions from
appearing in the final list of resonant modes.

Validation

During development the FEM solutions were

compared with several analytically deteninined solutions
1o test the software. Upon delivery to J} I, from UTEP
the. softwarc underwent additional validation testing to
detenmine the FEM model’s accuracy limits for different
mesh densitics. Figure 2 shows the fractional ficquency
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Figure ?. FEM Data Comparedto Analytic
Solution for anEmpty Coaxial Resonator

crror of the CYRES mode solutions for an empty
coaxial resonator compared 10 the analytic exact
solution. As scen inthe figure, the largest error is
about 6.5 parts per million.
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Figure 3. FEM calculated WGM frequencies for
different mesh densities comparedto laboratory
measurcments

High mesh densities for FEM calculations produce
higher accuracy results with greater resolution, The
benefits of superior accuracy arc. achicved at the expense
of computational complexity and speed. Typically, our
chosen quadritateral element “full mesh” contains about
200 nodes. Calculation of the resonant mode solutions
is aso performed at half this mesh density (half mesh)




and double [his density (double mesh), which
respectively reduce and increase the number of nodes try
afactor of four. Figure 3 shows the half, full and
double mesh density FEM calculated resonant
frequencies for the WGM resonator of Figure 1. The
points which fallalong the double mesh line arc the
laboratory measurements of the resonant frequencics.

By choosing a full mesh density of sufficient
accuracy we can usc the half mesh and double mesh
calculations to extrapolate FI:M solutions to an infinite
mesh density, thereby providing excellent modeling
accuracy for a modest computational expense. Higure 4
shows the fractiona frequency diffeience Of the three
mesh densitics and the mcasured data from the

020 [ vy ey ey p e s
8 _ T e N
£ 0.15 | e d e A VI s ot
&
b /
[4) /
3‘ 0.10 e e e d e
§
D
g
|:1 0.050 s Tt
g S S
£ i Doubk: Meshi —
L? 0.0 H ol ‘..’.:HP_,_,,;:»:—err:.‘.—“_:. Aiﬂ——ﬁ‘ .......
xtrapdlation fom FulMesh Measyred Dala (points)
-0.050 vaaadaaaadsaaadacaad s i i sasdaacaiaaan
5 6 7 8 9 10 11 1?
Azimuthal Mode Number
Figure 4. Difference comparison of FEM

calculated frequencies for diffc.rent mesh densities to
labor atory lllcas(Irc.lllc.ills (zero equals extrapolation to
infinite mesh)

..

j=]
,

sh

Frecuency C*set (GHz}
=] =]
=24 @
o o

I
.
=

0.70

‘o P R
1 2 3 4
Mesh Sizo Squared

r
,
I

s

0.0

Figure 5. Calcnlated FEM YFrequency offset vs.
Mesh Density

cxtrapolation to infinite. mesh density. A quadratic

extrapolation to infinite. mesh based 011 full and double
meshes dc.fine.s the €10 on the. y-axis. Themeasured
data points arc aiso plotted and fall no more. than 0.5%
above. the. cxtrapolated solution. Also shown is the.
“Extrapolation from FullMesh” that uses only the half
and full mesh solutions to extrapolate to an infinite
mesh solution.

Higher order modes intrinsically require higher
resolution calculations to provide accuracy cquivalentto
lower order mmode solutions. Figure 5 shows the offsct
from the infinite mesh mode frequency solutions of the
different mesh densities for d iffc.rent order modes. The
nearly straight line plots lend credence to the quadratic
extrapolation procedure used for Figure 4.

I .aboratory 'T'ool

The CYRES FEM modeling software. has been
predominately used as a laboratory tool for mode
identification and analysis. Current laboratory rescarch
procedures for re.search resonators make full use of the
software package. Use of the software  requires
the mmaterial propertics and dimensions of the radial cross
section be written in an input file, The PC based pre-
processor gene.rates amesh of specificd density defining
the resonator and its boundary conditions. The mesh
information feeds the FEM processor running on a Sun
works tation or Cray supercomputer. Output for cach
azimuthal mode number includes a list of cavity
resonant frequencies and wall loss Q's, and a file. of
vector magneltic field value.s.  The ficld file. is post-
processed on a PCto graphically display the magnetic
and clectric field vectors in three different resonator
cross sections. The field visualization is used to label
the modes in the. software’s list solutions.

In the laboratory, modesare found by sweeping the
input frequency and logging the frequency, Q, and
coupling coefficient for cach resonant mode.. This list is
then preliminarily matched by frequency with the finite
clement data.  Rc.cause of the arrangement of our
coupling porlsitis not possible to cxpe.rime.nfaly find
all of the modes indicated by the FE M calculations.
Analysis of the electromagnetic visuali~.alien of the
rc.senator cross section identifies the experimental modes
for the geomcetry. Experimentally, high Q (>5 million)
whispering gallery modes arc found to have. weak
coupling to the output port due. to the low ficld strength
near the can wall.l.ow Q mode.s arc often found to be
strongly coupled to the output port, the.rcby indicating a
relatively large ficld strength at the can wall, A
strongly coupled high Q mode indicates a well behaved
first order high azimuthal number whispering gallery
mode which can reach design Q's (=12 million) when
properly (critically or dightly weakly) coupled to the
output porl.
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Using this information, the modesareidentifiedand
grouped into whispering gallery mode familics by
comparing the. characteristics crf the measured resonant
modes m the those of the FEM modes.

As a laboratory analysis tool the software can
sugpest performance deficiencies of a particular mode,
indicate possible design improveme nts, and identify
possible. mode competition.

Design Tool

More important thanthe software.’s ability to
model existing resonators, m ay be its design
capabilitics for ncew resonators. The FEM solution’s
have shown to properly and accurate]y model every
resonator we have constructed. It is expected that the
software’s performance will be similar for new resonator
designs of cylindrical symmetry in diclectric and
geometry.

New resonator geometries are being developed for
improved performance. including cnhanced Q's [8],
stability, coupling control and, spurious mode
suppression.  The software. can model the. pet formance
of the actwal rc.senator. In this way, the effects of
gcometrical modifications on the resonators’
performance can be tested without construction of
experimental units. A well confined, high Q mode can
bechosen around which the resonator system will be
designed. The appropriate cavity for low wall losses
and proper coupling can also be designed in the process.
Other modes near the design frequency can be studicd
and sclected for suppression or usc as diagnostic siguals.

Ncw malerials can also be implemented if they
have atmost atwo dime.nsiona] anisotropy. Alsothe
consequences of introducing tuning clements, probes or
other perturbations can be studicd.  Another very
important use is qualifying the predictions of the many
qualitative models used for preliminary designs of
resonators, For example, the software may show that
the capacitive mode.1 used to design many of our
resonator tuning clem ents improperly predicts the
magnitude of the tuning in a ncw design.

Conclusion

The accuracy of the CYRES 2D FEM software
mcthodology has been validated by comparisons with
analytical and cxperimental results. The software has
prove.n 10 be an invaluable 1001 in the laboratory for
mode identification and analysis. These results

demonstrate the. accuracy of the CYRES 21 software as
an design tool for optimization of ncw rc.senators.
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